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e A brief introduction to heavy-ion collisions.
e Introduction to relativistic hydrodynamics.
e Viscous corrections to distribution function at freeze-out.
1st order viscous hydro. 2nd order viscous hydro.

e Application to calculations of harmonic flow — convergence of the calculations.
e Convergence of hydro. in a small system.

e Summary.




Introduction — QCD phase and relativistic heavy-ion collisions

- Some facts about QCD and the QCD phase diagram:

Future LHC Experimenis

arly Universe
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Color Superconductor (pp > Aqep, small T))

e QCD phases : { Quark-Gluon Plasma (QGP) (T > Aqcp)

Hadron Gas (HG) (low energy scale)

\

e Especially, rapid crossover around T, ~ 170 MeV (up ~ 0) : RHIC and LHC.
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Introduction — QCD phase and relativistic heavy-ion collisions

- Some facts about QCD and the QCD phase diagram:

| Future LHC Experiments
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Color Superconductor (up > Aqep, small T))

e QCD phases: { Quark-Gluon Plasma (QGP) (T > Aqcep)

Hadron Gas (HG) (low energy scale)

\

e Especially, rapid crossover around T, ~ 170 MeV (up ~ 0) : RHIC and LHC.
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Large Hadron Collider




One event of heavy-ion collision

Transverse

—
YN

Participants

before collision after collision

R. Snellings, arXiv:1408.1410

e Configuration of heavy-ion collisions:

z-axis — collision axis, xy-plane — transverse plane.

offline
Ntrack

e Number of participants: multiplicity ~ centrality ~ impact parameter b ~
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Introduction — QCD phase and relativistic heavy-ion collisions

- Space-time evolution of a heavy-ion collision event with QGP phase

ut Hydrodynamics

correlation Freeze-o
\

Hard probes:

Jets, heavy flavor production, and etc.

To
Thermalization

Soft probes:

Y

Harmonic flow, plane correlations

Nucleus-Nucleus collision - QGP medium — Hadron Gas (HG) — Free Hadrons

e Thermalization at 7,: Initial state models (Glauber, CGC)
e Hadronization (color confinement phase transition) at 7.: Lattice EoS

e Kinetic freeze-out at 7¢: Cooper-Frye prescription
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Introduction — QCD phase and relativistic heavy-ion collisions

- Space-time evolution of a heavy-ion collision event with QGP phase

ut Hydrodynamics

correlation Freeze-o
\

Hard probes:

Jets, heavy flavor production, and etc.

To
Thermalization

Soft probes:

Y

Harmonic flow, plane correlations

Nucleus-Nucleus collision - QGP medium — Hadron Gas (HG) — Free Hadrons

e Thermalization at 7,: Initial state models (Glauber, CGC)
e Hadronization (color confinement phase transition) at 7.: Lattice EoS
e Kinetic freeze-out at 7¢: Cooper-Frye prescription
Hydro. modeling : initial state = hydro. ... = final state observables

VO “— v.
fluc. and corr. n/s harmonic flow
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Long range correlations in heavy-ion collisions and harmonic flow

- TWO—partiCIG correlations: (A¢p, A'I’]) (ALICE Collaboration, PLB 708 (2012) 249-264)

with long-range correlation without long-range correlations

3<p. <4GeVic Pb-Pb 2.76 TeV 8 <pl < 15 GeV/c Pb-Pb 2.76 TeV
3 0-10% H 0-20%
2<p.<25GeVlc _—, 6 < p; <8 GeVic
LA -
3 3
o 1 3]

e Near-side correlation with large pseudo-rapidity range.
e Long (pseudo-rapidity) range correlation vs. (p + p, A+ A, p + A, multiplicity, Pr)
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C(A0)

ratio

Fourier decomposition of the spectrum (aricr collaboration, PLE 708 (2012) 249-264)

Pb-Pb 2.76 TeV, 0-2% central
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- Particle spectrum Fourier decomposition:

dN dN

prdprd¢pdy  2mprdprdy

1 + Z Vn (y,pT)ein[¢p_‘I’n(Y>pT)] + c.c.

n=1

- Harmonic flow : V;, = vy, exp (inW,,) vs. (harmonic order n, multiplicity, Pr, etc.)
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ALICE collaboration, PLB 719(2013)
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Harmonic flow from experiments can be well described by viscous hydrodynamics.



Ingredients of hydrodynamic simulations for Heavy-ion collisions.

freeze-out

[ Initial Condition ] + { Hydrodynamics ] > [ Predictions ]

e Initial state: effectively modelled by Glauber, KLN, IP-Glasma, etc.

e Hydro. EOM: conservation of energy-momentum (and charge)

OuT"" =0 & (Oun's =0) — wut, e, and gradients of these fields

e Freeze-out: generate particle spectrum from hydro.,

dN v
E@ = (27r)3 /Ep-Uf(af,p)
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Viscous hydrodynamics and dissipative effects of the medium

- In hydro. model, dissipative corrections of higher order in the gradient expansion:

e EOM:

Conservation of energy-momentum. 9, T*¥ = 0

THY = eutu” + PAFY + 7t & . .
Dynamical equation of 7wH".

1. Bulk viscosity ¢ = 0, so no bulk tensor.
2. Due to causality problem, 2nd order EOM (~ V?) has to be considered.

3. Transport coefficients, such as n/s, are input parameters for hydro.

e Viscous corrections to the particle spectrum at freeze-out:

dN v
Ed—p3 — 2 Lp -on(z,p) +0f(z,p)]

where,

~ n(lEn)
M P) = e Pyr

v
QPMP Uynz
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Viscous hydrodynamics and dissipative effects of the medium

- In hydro. model, dissipative corrections of higher order in the gradient expansion:

e EOM:

Conservation of energy-momentum. 9, TH" =

THY = eutu” + PAFY + 7t & . .
Dynamical equation of 7wH".

1. Bulk viscosity ¢ = 0, so no bulk tensor.
2. Due to causality problem, 2nd order EOM (~ V?) has to be considered.

3. Transport coefficients, such as n/s, are input parameters for hydro.

e Viscous corrections to the particle spectrum at freeze-out:

dN v
Ed—p3 — 2 Lp -on(z,p) +0f(z,p)]

where,

~ n(lEn)
M P) = e Pyr

v
QPMP Uynz

But 6 f ~ ppm is not self-consistent in hydro. calculations.
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- Kinetic theory p- 0f = —C|[f] <> viscous hydro. 9, T*" =0

e Form of f(x,p) is constrained as a result of consistency, (matching condition)

174 1 d3p v
Téjl + 7t = (27T)3EPMP (n(az,p) +5f(337p))7
e Freeze-out — Ef;];,’ = (2;)3 Js,pPdoy(n(z, p) +6f(x, p))
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- Kinetic theory p- 0f = —C|[f] <> viscous hydro. 9, T*" =0
e Form of f(x,p) is constrained as a result of consistency, (matching condition)

d3p

T v =y, [ 2P
o T =V | GnsE

p"p” (n(z,p) + 6 f(z, p)),

3
e Freeze-out — Eccllp];,f = (2;)3 fg ptdoy(n(z,p) +4f(z,p))
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Consistency of 0 f — continuity of T"" at freeze-out

- Kinetic theory p- df = —C|[f] <> viscous hydro. 9, T =0

e Form of f(x,p) is constrained as a result of consistency, (matching condition)

d3p
THY + 77 =v | ———pHpY (n(x,p) + 0 f(z, p)),
0 omsE? P (n(z,p) +6f(z,p))
d> N
e Freeze-out — B3 = (27’;)3 [s pPdoy(n(z,p) + 0 f(z,p))
0.5
n/s=0.08 Ideal /’k » Most damping of flow from §f at freeze-out.
04 ,/’ -
o /Om » Hydro EOM : 2nd order viscous corrections.
— 03 B // o y
| ,/, - I » Freeze-out: f(z,p)(to “lst order”),
oaf Ao f(z,p)= n(z,p) + 6fi +0fa+....
’ \‘v N—— N~~~ N~~~
0 ' : ideal dist. opPtPYmur 7
0 05 1 15 2 25 3 35 4
pt [GeV]



Determine ¢ f for 1st order viscous hydro — (Navier-Stokes hydro.)

- Stress tensor with 1st order viscous corrections,

( VH = AW, ~ O

W
ohv (...): symmetric, traceless, transverse
\

1. Transport equation for f(z,p) = n(z,p) + éf1(z,p) + O(V)?,

- u)d 26
p#Oun(a, p) = —Clf (e, p)] = LW _ _T0N
TR CR

» Eqilibrium distribution n(z,p) = 1/(exp(—p - u/T) — 1).

> Relaxation time approximation 7r oc (E,)' ™

a = 0: quadratic ansatz.

Cr=cp(@ u)~ )
a = 1: linear ansatz

» Coefficient ¢, left unknown.

Cr)
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. 0th order (ideal) hydro eom,

De =—(c+ P)V-u+O(V)

VY P
Du” = — O(V) =—-V’InT 4+ O(V
W = =2+ O(V) = ~VVInT + O(V)
S0,
n(l+n) , ,
p- 8”(337 p) — 5T p"p Ouv-

. Then from transport equation, to the 1st order in V

n'Cr _, .
— 5f1 - - oT p'upyo-lil/
. Landau matching conditions: w(D#Y = —pohv = fp pHpYof1 and u,THY = eu”
VT3 dgﬁ ~ oa=0
= — ~77,1:|:nC’R}5-u4 — Cp = —
1="5 | Gryogn( EWCRIE W o=

— u“:ug and T =Ty
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>

Some facts of the 4-step derivation:

df is expanded into spatial gradients order by order

Hydro. EOM converts time derivatives into spatial gradients.
p - 0 in transport equ. gives rise to V + V2 + .. ..

Matching between f(x,p) and hydro T*¥ — (cp,ut,T).

n/s is the only input parameter (also for 2nd order).

Conformal symmetry has been taken into account — massless single component gas.
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- Stress tensor with second order viscous corrections(BRSSS) (Baier ct ar. 7P 05042008)100)

Y = — pohv

+ 7 [{DoH) + o'’V - u

d—1
i )\10'§\MO'V>>\ i >\2O_§\MQV>>\ 4 )\3Q§\NQV>)\,

» Conformal symmetry assumed.
» Vorticity Q*Y = V#uY — VYu#, antisymmetric tensor.

» 2nd order transport coefficients: 7, A1, A2 and As.

15



- Determine the corresponding form of § fa(x, p).

1. For f(x,p) = n(z,p) + 6f1(z,p) + df2(z, p) + O(V)3,

— (p ) u)5(2)f(ac, p)

p"Ou[n(z,p) +df1(z,p)] —

2. 1st order hydro EOM,
0, T"" =0
— De=—(e+ P)V-u+ ZJ,WJ‘“’ + O(V?)

~ Du, — — VaoP n up DT Doy AoVt

e+ P e+ P e+ P

+ O(V?)

16



3. Identify the terms in transport equ. w.r.t. 2nd order gradients,

1 ~ 1A A
nn'Cgr _ D-u o n'Cr]'Cr . _, . 9
5 e . . - - | a4 U
=" P u[p ! 4(d—1)0]+ iz PP o)
3[n’C~’R]C~'R .y - V- u -
~ 5 p'p” oy pru—— + p*ValnT
n'CrICR _, .« - o
[ 2Tl p'p” [=p - uDouw +p*Vaou|

4. Landau matching u#T},, = eu, and for ¢ fo,

/pupv5f2 — (2)pv =NTr [D(,(uw + A v u]
P

d—1
i )\10‘§\“O'V>>\ i )\20.§\NQV>)\ s )\39§\NQV>>\’

» 2nd order transport coefficients are determined.

» (u”, T) obtain 2nd order corrections, so

0 fo = d fa(form above) + extra contributions .
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Straightforward from ¢ f2,

ﬂ_pJ(Q)/(T2y> :O_<p)\o_a) |: 28> B B3:|
A 15(d+3) 15
2B o 1 pa
_ 273 {O-<P>\Q)\> _ - {(Damﬂ L7 . u]}
15 2 d—1
where B’s are constants and depend on ¢, (or 17/s) and «
Bi= [ WGl u) ~ / 0 Crlp 5",
p
By = | WOr) Ont-w)® ~ | [n'Cnl Ons” 555

D
Bs = — / [n'CrICR(P - u)® ~ / [’ Cr)CRrp’p° ppP pH.
D p

SO,

B [ 285 Bs
YT l15(d+3) 15
A3 =0, nTr = BavT?/15

] VT2, Ay = —2n7x
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Implementation of 4 f(2) and linear harmonic flow response wy, /€,

- Linear harmonic flow response coefficient: wy, /en,

on{2} = \/ (w—)2 (2

- Perturbation on top of smooth Gaussian initial density p(z,y) via cumulants Wy, m,,

o Ar?cos¢r} (8)3 (8)2 0
e.g.: ,0173 = 3 e + 8’y O pGau881an(X) — €1

A\ 7/
"

~Wi.3

some other cumulants: Wa o ~ {7‘2 cos2¢a}, Wiz 3~ {r3 cos 3¢, }

- For éf, replacing o, by —muu/n + corrections, or just taking derivatives.

Cr)
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The dependence of wy, /e, on freeze-out §f, for b = 7.45fm.

np : equilibrium distribution n, as the freeze-out distribution function.
Np —|—5f("1) : 0f o ppo.

np +0f(1) : 0f o pp.
Np + 5f(1) + 5f(2> : 2nd order ¢ f.

21



0 f(2) and elliptic flow vg — conformal gas

- RHIC AuAu, with conformal EOS, a =0 and o« = 1:

1.2 If]p T
N N+, -
ny+of,, —-
—~ 0.8 Np+0f; +0f, — ]
2
£ 06 f :
Al
= -
o4 S~ _ =7 -
0.2
0 Quadratic ansatz-
0O 05 1 15 2 25 3

» Difference between ‘f

» « affects pr dependence and the value of transport coefficients.

Cr)

pt (GeV)

o )

np+5f6(
np+6ﬂ
- Ny+of , +6f,

1
1)y

2

RHIC AuAu |

n/s=1/4n, CEOS -
Linear ansatz

15 2 25 3
pt (GeV)

) and ‘f(1)’ indicates the magnitude of gradients.
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0 f(2) and elliptic flow vg — conformal gas

- LHC PbPb, with conformal EOS, o = 0 and o = 1:

1.2 Ny, —
1 N+, -
ny+of,, —-
—~ 0.8 Np+0f; +0f, —
2
Lo S = =
z (c)
0.4 .
LHC PbPb
0.2 n/s=1/4n, CEOS -
0 - Quadratic ansatz
0O 05 1 15 2 25 3

» Difference between ‘f

» « affects pr dependence and the value of transport coefficients.

Cr)

pt (GeV)

o )

I_
o
N
AN
w
~
Al
=

1.2

1 I

0.8

0.6
0.4
0.2

0

np+5f6(
np+6ﬂ
Ny+6f ) +0f,

1
1)y

2

LHC PbPb |

n/s=1/4n, CEOS -
Linear ansatz

0

15 2 25 3
pt (GeV)

) and ‘f(1)’ indicates the magnitude of gradients.

23



0f(2) and elliptic flow v — multi-component gas

- What about non-conformal medium, with Lattice EOS?

1. Non-conformal terms are suppressed by (% — ¢2) and high pr, for instance,

1
pHpYouu n _EIZ) —|p|? n (53— CE)EIQ) vyt
273 373 T3 H

/

5f(01)—non—conf (p) ~ Ny

2. For different particle species a, approximately

> a
77/5: Zasa :na/Sa
a Sa

and

™ = Z/p“p”f

a b

so for a multi-component gas the derivations are still valid.
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0 f(2) and elliptic flow vo

- RHIC AuAu, for a = 0 with conformal EOS and Lattice EOS:

1.2

+8fcs
i n +8f
n +6f +6f

Mo

-

(1)
(1)
()

(2

y R

— —
,’—-
-—
-—

n/s=1/4n, CEQS*
Quadratic ansatz;

0O 05 1

15 2 25 3

pt (GeV)

1.2

+8fcs
i n +8f
n +6f +6f

(1)
(1)
(2)

(2

Mo

y R

RHIC AuAu

n/s=1/4n, LEOS
Quadratic ansatz

15 2 25 3

pt (GeV)
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LHC PbPb:

U1 U2 U3
1.4 1.2 — 0.9
/| Vi
1o | b=7.45fm y b=7.45fm ya 0.8 [ b=7.45fm /A
LEOS, n/s=1/4n / 1 - LEOS, n/s=1/4z "1 g7 | LEOS n/s=1/4n yau
1 /' /; / PEs ’ .
R 0.6 | / .
- N e o 0.5 . 2
¥ 06 L / // L ,/ <
g 06 2 4 5 04 2
o £ /g = £
s 04 ) ' £ 03|
0.4 |- Y '
0.2 Y/ fg —-— 0.2
fo + Ofy (1) ----e-- 7 B + Bfy(m) oo
0 o + Ol 0.1
fg+ ofy(c) ——— 0.2 fo + 6f4(c) ——— . fo + 6fy(0) ——— |
02 F . fo + 8f{(c) + 8f, —— fo + 8fy(c) + 8fy ——
\fo +\ 8f1 (q) + 6\f2 | 0 \0 | 1 | \2 | 01 | | | | |
0 05 1 15 2 25 3 0 05 1 15 2 25 3 0 05 1 15 2 25 3
pr (GeV) pr (GeV) pr (GeV)
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0 f(2) and harmonic flow v,

LHC PbPb:
(OF]
0 ——
0.4 - fy + Of () --vee- 7
035+  fo+ ofi(o) AR
0.3 fo + ofy(c) + &f; —/ |
L\;r 0.25 - /./ 7
T 02 F ) ~
\é; / //-f"-
= 0.15 : /_./""- |
0.1 | '/ #
0.05 b=7.45fm 1
0 LEOS, 1/s=1/4m-|
-0.05 ‘ ‘ ‘ | ‘

1 15 2 25 3

pr (GeV)

W5(p7)/Cs

0.16
0.14
0.12

0.1
0.08
0.06
0.04
0.02

-0.02

I fO
. fy + 8t (m)
fy + 8f(0)

/

o+ Ofy(0) + Ofy —

b=Z.45frq LEpS, n/s=144n

0O 05 1 15

pr (GeV)

2

2.5

3

-0.01

-0.02

-b=7.45fm 8
LEOS, n/s=1/4rn
0O 05 1 15 2 25 3
pt (GeV)
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Collectivity in small system?

- CMS collaboration : proton-lead with /s = 5.02 TeV

CMS pPb \[s,,, = 5.02 TeV,

(a) CMS pPb \/s,,, = 5.02 TeV,
1<p, <3GeVlc

1<p,<3GeVic

5 1 0.20 1,3 18
3 3
| g0-18 2 1.6/7
=2 A = '
* 4 % 4
4 4

(CMS collaboration, PLB718(2013) 795)
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Collectivity in small system?

- CMS collaboration : proton-lead with /s = 5.02 TeV

CMS pPb \[s,,, = 5.02 TeV,

(a) CMS pPb \/s,,, = 5.02 TeV,
1<p, <3GeVlc

1<p,<3GeVic

5 |3 0.20 L3 19
3 3
| g0-18 2 1.6/7
=2 A = '
* 4 % 4
4 4

(CMS collaboration, PLB718(2013) 795)

Hydro. for small systems such as p-Pb?
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Convergence of hydro. for small system

- p-Pb with fixed {r2}1/2=1 fm: dashed — n,, solid — n, + 6f1 + 6 fo

dN/dp+(27P7)

O 05 1 15 2 25 3
pt (GeV)
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Convergence of hydro. for small system

- p-Pb with fixed N,=20 (Ngffline ~

track

{(r2}1/2 =1 fm

1.2 N, —
O np+6f(1) -
np+8f(1)+8f(2) -

0.4
LHC pPb
0.2 | n/s=1/4m, LEOS
0 Quadratic ansatz

Pt (GeV)

o 05 1 15 2 25 3

Vol€s(PT)

90): elliptic flow wvg

(r2}1/2 = 2 fm

np+8ﬂ
np+8f(1)+8f( —

- {r2}1/2= ofm

np— _

1) "

2)

n/s=1/4n, LEOS -
Quadratic ansatz

15 2 25 3
Pt (GeV)
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Summary and conclusions

- We have derived a consistent form of § f for the 2nd order viscous hydro:

» General procedure from solving Boltzmann equation order by order.

» 2nd order transport coefficients are fixed — kinetic approach.

» Formulation can be extended to other EOM’s, such as Israel-Stewart hydro.

» o f affects harmonic spectrum, especially for large n and pr.

» Convergence of hydro. modelling for harmonic flow.
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Back-up slides
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Equation of motion from the form of stress tensor, m as a dynamic variable

h" = — not’ — 1 {DrHv) 4 %W’“"’V U

. ﬁﬂ.ill/ﬂyk) o Qﬂ_iﬂﬂvk)’

n n
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